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Find	the	bisector	of	the	angle	between	the	lines

Let	MPMPMP	be	the	angle	bisector	of	∠AMC\angle	AMC∠AMC,	and	let	R=(h,k)R=(h,k)R=(h,k)	be	a	point	on	this	bisector.	Let	L1L_1L1​	and	L2L_2L2​	be	the	feet	of	the	two	perpendiculars	from	RRR	to	ABABAB	and	CDCDCD,	respectively.	Then	triangles	MRL1MRL_1MRL1​	and	MRL2MRL_2MRL2​	are	congruent	and	equal	in	all	respects.	Hence,
RL1=RL2RL_1=RL_2RL1​=RL2​.	By	the	distance	between	point	and	line	formula,	RL1=∣a1h+b1k+c1∣a12+b12RL2=∣a2h+b2k+c2∣a22+b22.\begin{aligned}	RL_1	&=	\frac{|a_1h+b_1k+c_1|}{\sqrt{a^{2}_1+b^{2}_1}}\\\\	RL_2	&=	\frac{|a_2h+b_2k+c_2|}{\sqrt{a^{2}_2+b^{2}_2}}.	\end{aligned}RL1​RL2​​=a12​+b12​​∣a1​h+b1​k+c1​∣​=a22​+b22​​∣a2​
h+b2​k+c2​∣​.​	WLOG,	suppose	that	MPMPMP	lies	on	the	same	side	of	AB,CDAB,CDAB,CD	as	the	origin	does	(((else,	swap	PPP	and	Q)Q)Q).	Note	that	this	implies	a1h+b1k+c1a_1h+b_1k+c_1a1​h+b1​k+c1​	and	a2h+b2k+c2ka_2h+b_2k+c_2ka2​h+b2​k+c2​k	will	have	same	sign	as	c1c_1c1​	and	c2c_2c2​	will	have,	respectively.	Assume	that	c1c_1c1​	and
c2c_2c2​	have	the	same	sign	(((else,	again	swap	PPP	and	Q)Q)Q),	so	that	a1h+b1k+c1a_1h+b_1k+c_1a1​h+b1​k+c1​	and	a2h+b2k+c2a_2h+b_2k+c_2a2​h+b2​k+c2​	both	have	the	same	sign.	Thus	a1h+b1k+c1a12+b12=a2h+b2k+c2a22+b22\frac{a_1h+b_1k+c_1}{\sqrt{a^{2}_1+b^{2}_1}}=\frac{a_2h+b_2k+c_2}{\sqrt{a^{2}_2+b^{2}_2}}a12​
+b12​​a1​h+b1​k+c1​​=a22​+b22​​a2​h+b2​k+c2​​	for	all	R∈MPR	\in	MPR∈MP.	It	is	much	easier	to	show	that	all	RRR	satisfying	the	above	lie	on	MPMPMP	by	reversing	the	steps,	so	the	equation	of	MPMPMP	is	precisely	the	above,	as	desired.	In	the	alternative	cases,	the	sign	of	a1h+b1k+c1a_1h+b_1k+c_1a1​h+b1​k+c1​	and	a2h+b2k+c2a_2h+b_2k+c_2a2​
h+b2​k+c2​	would	be	different,	so	a1h+b1k+c1a12+b12=−a2h+b2k+c2a22+b22,\frac{a_1h+b_1k+c_1}{\sqrt{a^{2}_1+b^{2}_1}}=-\frac{a_2h+b_2k+c_2}{\sqrt{a^{2}_2+b^{2}_2}},a12​+b12​​a1​h+b1​k+c1​​=−a22​+b22​​a2​h+b2​k+c2​​,	which	gives	the	equation	of	MQMQMQ,	as	desired.	I’ll	cover	one	more	topic	before	bringing	the	straight	line
series	to	a	(temporary)	close	–	Angle	Bisectors.	That	is,	to	find	the	equation	to	the	lines,	which	bisect	the	angle	between	two	given	lines.	There	are	again	two	different	methods	using	which	we	can	obtain	their	equations.	One	is	quite	lengthy,	and	the	other	one	is	quite	elegant.	I’ll	begin	with	the	boring	one	first.	Method	1	Consider	two	given	lines	a1x	+
b1y	+	c1	=	0	and	a2x	+	b2y	+	c2	=	0.	We	have	to	find	the	equation	of	the	lines	which	pass	through	their	point	of	intersection,	and	make	equal	angles	with	both	these	lines.	We’ll	start	first	by	obtaining	the	point	of	intersection	of	the	lines	(here’s	how).	Let’s	say	the	point	obtained	is	(x1,	y1).	Now	we	need	to	find	the	slope	of	the	lines.	Let	the	required
slope	be	m.	Then,	using	the	expressions	for	angle	between	two	lines,	we’ll	equate	the	angle	between	the	required	line	and	the	given	two	lines.	That	is,	|(m	–	m1)/(1	+	mm1)	=	|(m	–	m2)/(1	+	mm2)|	Solving	this	equation	will	give	us	two	different	values	of	m	(because	of	the	modulus),	which	means	two	different	lines,	that	is,	two	different	angle	bisectors.
Now	this	method	is	quite	a	bit	lengthy,	as	it	involves	finding	the	intersection	point,	followed	by	solving	equations	to	find	the	slopes.	This	inspires	me	to	find	another	method,	which	is	coming	up	next!	Method	2	This	one	is	pretty	straightforward.	Consider	the	two	lines	a1x	+	b1y	+	c1	=	0	and	a2x	+	b2y	+	c2	=	0	again.	Now,	any	point	on	the	angle
bisector	will	be	equidistant	from	the	two	lines.	If	P(x,	y)	be	any	point	on	the	angle	bisector,	then	using	this	formula,	we	can	write	|a1x	+	b1y	+	c1|	/	√(a12	+	b12)	=	±	|a2x	+	b2y	+	c2|	/	√(a22	+	b22)	And	that’s	pretty	much	it.	This	is	the	required	equation!	On	removing	the	modulus,	we	get	two	equations,	as	we’ll	have	two	bisectors	of	the	angles	formed
between	the	lines	(a1x	+	b1y	+	c1)	/	√(a12	+	b12)	=	±	(a2x	+	b2y	+	c2)	/	√(a22	+	b22)	Lesson	Summary	The	equation	of	the	angle	bisectors	to	the	pair	of	straight	lines	a1x	+	b1y	+	c1	=	0	and	a2x	+	b2y	+	c2	=	0	will	be	given	by	(a1x	+	b1y	+	c1)	/	√(a12	+	b12)	=	±	(a2x	+	b2y	+	c2)	/	√(a22	+	b22)	That’s	it	for	this	one.	Next,	I’ll	cover	some	examples
related	to	angle	bisectors.	See	you	soon!	I	like	the	following	way.	Let	$A\left(-\frac{2}{3},-\frac{2}{3}\right)$,	$B(0,4)$	and	$C(1,1)$.	We	knew	that	$A$	is	a	common	point	of	our	lines,	$B$	is	placed	on	$y=7x+4$	and	$C$	is	placed	on	$y=x$.	It's	obvious	that	$\vec{AB}\cdot\vec{AC}>0$,	which	says	$\measuredangle	BAC
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